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PART 1

1.1 Draw a block diagram for the control system generated when a human
being steers an automobile.
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R
A
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1.2 From the given figure specify the devices

Reaction
chamber




Solution:
Loop 110

ZoN
L o] - Sequential indicating controller. Y represents mathematical symbols.

Emits signal to valve which controls the flow rate of B.

<}
% - solenoidal valve. It operates on electric signal.

Loop 103

—{ I f—- Orifice meter, Measures flow rate.

, - Flow transmitter. It converts flow to pneumatic signal of 20 to 100

Mpa.

#-{ /" |- -= Removes the square root from signal and makes it linear. Input is

pneumatic and output is electrical.

Loop 104

— Flow transmitter converts flow of A to a pneumatic signal of 20-100
Kpa.

- ;E: — - Pressure controller. It receives two electrical signals one from flow

- Transmitter of loops 103 and 104.Maintain ratio of A and B in

reaction chamber.

_(P} - IP converter , it converts standard electric signal to pneumatic signal.
log

- A control valve. Input is a standard pneumatic signal and controls

tha flawr rata



Loop 101

2

Pressure transmitter, Measures pressure and given electric signal of 4
20 Ma.

Computer . Sends digital data to pressure controller. It is used to set
the set point and placed in control room.

Pressures controller - has two inputs one digital signal from
computer and one electrical signal from pressure transmitter.

Motor controlled valve, controls the flowrate of C in the chamber.

Temperature safety.

Sequential indicating controller.

Sequential indicating controller

Solenoidal valve. Controls flow rate of vent gases

Inversion by partial fractions:

3.1(a) —+%+x-1 x(0)=x(0)=0

L(x) = X(s)

L Z’i;} =5 X(s) - sx(0) — x (0)

L j—}:s X(s)—x(0)



L{1}=1/s

s X(s)=sx(0)—x (0)+ 5 X(s5)—x(0)+ X(s) = 1
s

(5% 45+ X (s) = -
N

1

) = T rseD

Now, applying partial fractions splitting, we get

1 s+1
X(s)=—-"—F5""—
s (s"+s+1)

s+1

e e

s+—
2

1 1
L'(X(s) =1-e 2tCos?t—Le ) singt

NE]

R PR I R (]
X()=1-e {Cos7jt+ﬁ&n [Tt]

dx? dx ,
b) W+2E+x:1 x(0)=x(0)=0

when the initial conditions are zero, the transformed equation is

(s> +s+1D)X(s) = 1
S



1

A = T rseD

1 A Bs+C

s(s* +s+1) T S 42s+l

1=A(s* +2s+1)+ Bs" +Cs
0= A+ B(by equating the co — effecient of s°)
0=2A4+ C(by equating the co — effecients of s)

1 = A(by equating the co — effecients of const)
A+B=0

B=-1

C=-24

A=1,B=-1,C=-2

1 s+ 2
X(S)_;_s2+2s+1
" )1 (s+1)+1
SR

L
X@oy=1-1 {s+l+(s+l)2}
(X()y=1-e"'(1+1)

dx? dx ,
31 C —+3—+x=1 x(0)=x(0)=0
R (0)=x(0)

by Applying laplace transforms, we get
) 1
=(s"+3s+DX(s) =—
s

1

Xs) = s(s* +3s+1)



X(S)=£+ 2BS+C
s s +3s+1

1=A(s* +3s+1)+ Bs> +Cs
0= A+ B(by equating the co — effecient of s°)
0 =34+ C(by equating the co — effecients of s)

1 = A(by equating the co — effecients of const)

A+B=0
B=-1
C=-34=-3

A=1,B=-1,C=-3

LX)y =L {1——S s }
S

s*+3s+1
1 -1 1 s+3
LX)y =L~ — .
()
s+=| - —
2 2
3 (3 2}\5
s+ = Pl -
O 2 2452
NCRSRCIRES
+=| - s+ | —| =
2 2 2 2
R P L IR
X(t)—l—e (COST"FﬁSlnh?t
3.2(a)
% + ‘f#f = Cost;x(0) = x (0) = x"(0) = 0

x'(0)=1



Applying Laplace transforms, we get

N

s*X(5)=5’x(0) = s*x"(0) — sx" (0) — x " (0) + 5° X (5) — s*x(0) — sx (0) — x"(0) = .

s
st +1

X)) (5P +5)—(s+1)=

X(s):((szil +1)+(s+1)j /st +5°

_ s+ 45+ +l 8457 + 2541
SEC+Ds+D) ST+ D(s+]D)

3,2 - + + 2
sT(sT+D)(s+1) s 57 s s+l sT+1

s3+s2+2s+1_A £ £ D Es+F
2 3

S +5T+25+1=As*(s+ D) + D+ Bs(s + (s> + D+ c(s + (s> + 1)+ Ds’ (s> + 1)+ (Es + F)s’ (s + 1)

A+B+E=0 equating the co-efficient of s°.
A+B+E+F=0 equating the co-efficient of s*.
A+B+C+D+F=0 equating the co-efficient of s°.
A+B+C=0 equating the co-efficient of s’.
B+C=2 equating the co-efficient of s.
A+B+E=0 equating the co-efficient of s”.
C=lequating the co-efficient constant.

C=1
-B=-C+2=1
A=1-B-C=-1
D+F=0
E+F=0D+E=1
D-E=0

2D=1

A=-1; B=1; C=1
D=1/2; E=1/2; F =-1/2



L—l{(s)}zL-l{_—l+iz+i3+ 1/2 +1/2(s—1)}

s S s s+1 st +1

-1 1 1 1/2 1/2(s—1)}
+ +—
K s+1 s”+1

1,1 1.
{X(z)}:—1+t+5+5e +EC0St_55mt

d’q dq |
+—=1t"+2t q(0)=4;9q (0)=-2
2 T q(0)=4;4 (0)

applying laplace transforms,we get

520(s) - 54(0) = ¢'(0) + 5O((5) ~ 4(0) :s%ﬁ%

O(s)(s” +s)—4s+2—4:£2(1+1j

N N

2(s+1)

O(s) =—+*

+(4s+2)

(s> +5)

25 +2+4s* +2s°

st(s+1)
B 1 2 2%3
Q(S)_4(s+lj s(s+1)  s*(s+1)

L'(OG)=qg(t)=4e” +2(1—-e") + %tS

3
therefore ¢q(t)=2+ % +2e”



33 a) 35 —2[ ! ! }

(s> +1)(s>+4) 3 s+1 57 +4

B 1 3 1
s+17 s7 427

1 1
-1
L Lz E — 5 +22}: Cost — Cos2t

1 ~ 1 4 B+C
s(s* =25 +5) Sl(S—l)z"'zzJ s 8 =2545

A+B=0
2A+C=0

5A=1

A=1/5 ;B=-1/5;,C=2/5

11 2—s
We get X)) =7t 7=
& () SL s2—2s+5}

Inverting,we get

_ l[l + letSinZt - etC0s2t}
5 2

-1 1+ et[l Sin2t — C0s2tj
5 2

3s°-s*-3s+2 A4 B C D
-T2

+ +
s*(s—1)° s 50 s=1 (s=1)




As(s =1 +B(s —1)> + Cs*(s = 1)+ Ds*> =35> —s> =35 +2
A(s® =25 +85)+B(s* =25 +1) +C(s’ —s*)+ Ds* =35> —s5° =35 +2

A+C=3
-2A+B-C+D=-1
A-2B=-3

B=2;
A=2(2)-3=1
C=3-1=2
D=2(1)-2+2-1=1

We get X(s):l+£+i+ !
s

7 s+l (s—=1)

By inverse L.T

L'[X(@0)]=1+2t+2¢ +1e'
L'X(@0)]=1+2t+€' 2 +1)

3.4 Expand the following function by partial fraction expansion. Do not evaluate
co-efficient or invert expressions

X(s) = 22 2
(s+D(s"+D7(s+3)
X(s) = A Bs+C Ds+FE F

+ +
s+1 s +1 (417 s+3

= A + 1) (s +3)+(Bs+ C)(s + (s +3)(s> + )+ (Ds + E)(s + 1)(s +3) + F(s + 1)(s* +1)*

= At +257 +1)(5+3)+ (Bs+ C)(s> +4s+3)(s* + )+ (Ds+ E)(s> +4s+3)+ F(s+1)(s* +4s +1)



=5 (A+B+F)+s*BA+C+4B+F)+s’(2A+B+4C+3B)+5*(6A+C+4B+3C)+s(A+4C+3B
+4E+F)+34+34AC+3E+F =2
A+B+F=0
-3A+C+4B+F=0
2A+B+4C+3B=0
6A+C+4B+3C=0
A+4C+3B+3D+4E+F=0
3A+3C+3E+F=2

by solving above 6 equations, we can get the values of A,B,C,D,E and
1

X =506 +) 613

D E F G H
. + -

A B C
X(s)=—+—F+—5+ + >+ 3
s s s s+l s+2 s+3 (s+3) (s+3)

by comparing powers of s we can evaluate A,B,C,D,E,F,G and H.

1
VX =576 +3) 61 d)

A B C D
+ + +
s+1 s+2 s4+3 s+4
by comparing powers of s we can evaluate A,B,C,D

X(s) =

1

358 X6 = 054D

1 A B C

Let =—+ +
s(s+1)(0.5s+1) s s+1 (0.55+1)

2 2

Y (LRI P A +C(s* +5)=1
2 2 2

A=1

é+£+c=0=£+c=—l

2 2 2 2

ﬁ+B+C:O:B+C:—E
2 2



B/2=1/2 *-3/2=-1;

B=-2;
C= -3/2+2=1/2

Xyl 2 1 1
s s+1 210.5s+1

= LN(X(s) =x(t)=1—-2e " +e ¥

dx
b) —+2x=2;x(0)=0
) (0)
Applying laplace trafsorms

sX(s)—x(0)+2X(s)=2/s

2

L_l(X(S)) - s(s+2)

L-I(X(s))zzL{ 2 }

s(s+2)
_1-e
3.6 a) Y(s)= -+

sP+2s+5



s+1

= Y(s) =
() s*+25+5

B s+1
(s +1)°+4

R e s+1
- Lep=L {(s +1)2+4}

using the table,we get

Y () =e'Cos2t

st +2s
b) Y(s)=—7;
S
1 2
Y(s)= —+—
()= 5+

Y(t)= L' (Y(s)) =t + 1

2s
(s=1)°

c) Y(s)=

25-2+2
(s=1)’

2 2
= +
(s=D* (s=1’

Y(z):L{ 2 2}[1( 2 3j
(s—1) (s=1)

2
_ 2(te! +%e’ =e'(t* +2¢)



1 As+B Cs+D
- = T
(s”+1) (s"+1) (s +1)

3.72) Y(s)

thus (As + B)+ (Cs + D)(s> +1) =1

= Cs’+Ds* +(A+C)s+(B+D)=1

C=0,D=0
Also A=0;B=1
Y(s) = 1 1 A B C D

= = + + +
(s +1)°  (s+i)(s=i) (s+i) (s+i)° (s—i) (s—i)
A(s+i)s =i +B(s—i) +C(s —i)(s+i)* + D(s+i)* =1
(A+C)s’ +(=Ai+B+Ci+ D)s> +(A—2Bi+C+2Di)+(-4i—-B+Ci—D)=1

Thus,A+C=0

-Ai+B+Ci+2Di=0 ; B=D

A-2Bi+C+2Di=0

-Ai-B+Ci-D=1 Also D=-Ci;B=-Ci,
A=-C,C=-1/4

A=1/4 ; B=-1/4; D=-1/4

i/4 -1/4 -i/4 -1/4

Y(s) = ~+ 5+ ~+ 2
(s+i) (s+i)y° (s—i) (s—i)
O DL S Vi et T S Vi
S (s+i) (s+i)’ (s—i) (s—i)
Y(t) = il4 N -1/4 —-i/4 -1/4

+ +
(s+i) (s+i)? (s—i) (s—i)



Y(t)=ilde™ —1/4e™"~1/4e" —1/4te"

Y(1)= 1/4(1'6_” —te Tt et — teit)
Y(1) =1/4(i(Cost —iSint) —t(Cost —i Sint) —i(Cost +iSint) —t(Cost +iSint))

Y(¢)=1/4(2Sint 2t Cost)

Y (t) =1/2(S8Sin t - tCos t)

1
3.8 f(s)= 6 1)
- =248, C
K s s+1

= A(s+1)+Bs(s+1)+Cs* =1

Let s=0 ; A=1
s=1; 2A+B+C=1
s=-1: C=1
B=-1
1 1

1
S = F+—t—
S s s+1

fOy=@-D+e"

PROPERTIES OF TRANSFORMS

4.1 If a forcing function f(t) has the laplace transforms

-5 e—2x e—SS

JOEES
S




F@O=L"{f ()} = [u(®) —u(t=3)]+[(t = Du(t = 1) = (t = 2)u(t - 2)]
=u(t)+(t = Du(t —1) = (t = 2)u(t - 2) —u(t - 3)

graph the function f{(t)

4 L it iR TR eARa

4.2 Solve the following equation for y(t):
’ dy(t

[y@ar =29 30 =1

0 dt

Taking Laplace transforms on both sides

L{.([ W(r) dtt= L{%}

%y(s):s.y(s)—y(m



l.y(s)zs.y(s)—l
K

s
st -1

y(s)=

N

y(O)=L"{y(s)}= L_l{ 1}Cosh(t)

Sz—

4.3 Express the function given in figure given below the t— domain and the
s_

domain

This graph can be expressed as
={u(t—1)—u(t-5}+{(t-2)u(t-2)—(t—-3u(t-3)} +{u( -5 - —-Su(t -5+ (- 6)u(t—6)}

F(O)=u(t =) +(t = 2)u(t —2) — (¢ = 2)u(t = 3) — (t = S)u(t — 5) + (t — 6)u(t — 6)

e—s e—25 e—3s e—3s e_SS e_65
f6) =Lif(y=—F— 5~ +—
S Ky S s s 5
e—s _ e—3s e—ZS +e—6s _e_35 . e_ss
§ S
. .
\ \
]I | :;._,
i
“T]r“ i C {j-ll(_-_-.‘.i‘,i {_“O(--\‘ ~ G O W {_‘ 1 b
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4.4 Sketch the following functions:

£(0) = u(t)=2u(t - 1) +u(t - 3)

J_,_ - k
: 0 o 2 3
|

T e N,

f(t) =3tu(t)-3u(t-1)+u(t-2)



—
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q:d- : -

e e e SR

-
-
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4.5 The function f(t) has the Laplace transform
f(S)=(1-2e"+e)/s’
obtain the function f(t) and graph f(t)

1-2¢ +e*

f(s) = 7
s

FO=L{f ()} == (t = Du(t = 1) +tu(t) = {(t = Du(t = 1) = (t = 2)u(t - 2)]

= tu(t)—2(t —Du(t 1)+ (t —2)u(t - 2)
4.6 Determine f(t) at t = 1.5 and at t = 3 for following function:

F(1) =0.5u(t) — 0.5u(t — 1) + (¢ = 3)u(t — 2)



Att=15
F(0) =0.5u(t) — 0.5u(t = 1) + (1 = 3)u(t — 2)
£(1.5) =0.5u(t) - 0.5u(t — 1)

f(1.5)=05-05=0

Att=3

£(3)=0.5-0.5+(3-3)=0

RESPONSE OF A FIRST ORDER SYSTEMS

5.1 A thermometer having a time constant of 0.2 min is placed in a
temperature bath and after the thermometer comes to equilibrium with
the bath, the temperature of the bath is increased linearly with time at the
rate of I deg C/ min what is the difference between the indicated
temperature and bath temperature

(a) 0.1 min
(b) 10. min
after the change in temperature begins.

© what is the maximum deviation between the indicated temperaturew
and bath temperature and when does it occurs.

(d) plot the forcing function and the response on the same graph. After the
long enough time buy how many minutes does the response lag the input.

Consider thermometer to be in equilibrium  with temperature bath at
temperature Xs

X=X, +{°/m)t,t>0
as it is given that the temperture varies linearly

X(t)-Xs =t

Let X(t) = X(t) -Xs = t



Y(s) = G(s).X(s)

1 1 A B C
2 t—t 7
l+zss™ 1+ s s

Y(s) =

A=17B=—tC=1

2
T r 1

Y(s) =
l+zs s s

Y(t) =1 -1+t

(a) the difference between the indicated temperature and bath temperature

at t= 0.1 min = X(0.1)_ Y(0.1)

= 0.1 - (0.2¢*"%? - 0.240.1) since T = 0.2 given
0.0787 deg C

(b) t = 1.0 min

X(1) - Y(1) = 1- (0.2¢™°2 - 0.2 +1) = 0.1986

(c) Deviation D = -Y(t) +X(t)

= «e™+T =1 (-eV+1)
For maximum value dD/dT = 1 (-“™( -1/T) = 0
=0

as t tend to infinitive
D= 1 (™ -lT) =t =02 deg C

5.2 A mercury thermometer bulb in %2 in. long by 1/8 in diameter.
glass envelope is very thin. Calculate the time constant
at 10 ft/ sec at a temperature of 100 deg F. In your

summary which includes

(a) Assumptions used.
(b) Source of data
(¢) Results

in water flowing
solution , give



(pAL)C,

T = mCp/hA = ———7_
h(A+ 7DL)

Calculation of

NU, =h?D=CRe’" (Pr)’

_Dvp (1/8*2.54*107)(10*0.3048)10°

Re, X ~9677.4
y7, 10
c
Pr — IP{” _ 42 KJ/KgK

Source data: Recently, Z hukauskas has given c,m,§n values.
For Re = 967704

C=020 &m= 0.6

Nup =hD/K =0.193 (9677.4)*(6.774X107) = 130

h= 25380

5.3 Given a system with the transfer function Y(s)/X(s) = (Tis+1)/(Ts+1).
Find Y(t) if X(t) is a unit step function. If T/T, = s. Sktech Y(t) Versus
t/T,. Show the numerical values of minimum, maximum and ultimate values
that may occur during the transient. Check these using the initial value
and final value theorems of chapter 4.

Iis+1

Y(s) =
(5) Tys+1

X(s) =unit step function = 1 X(s) = 1/s



vy Tstl _A B
s(Tys+1) s iT,s

AZIB:Tl—Tz

I -T,
1+T,s

Y(s) = %+

Y(1) = 1+—TI;T2 e!'"

2
If T,/T, = s then
Y(t) = 1+4e™'"
Let t/T, = x then Y(¢f) = 1+4e”

Using the initial value theorem and final value theorem

LimY(T) = %im sY(s)

T—0

1
T +—

T 1 1 T
= Lim  Lim $otos
S»ooTZS+1 S‘)OOT2+; T2

Ts+1
LimY(T) = LimsY(s) = Lim—>"— =1
T—0 S—ow §-0 T2S+1

Figure:



Problem 52

5.4 A thermometer having first order dynamics with a time constant of 1
min is placed in a temperature bath at 100 deg F. After the thermometer
reaches steady state, it is suddenly placed in bath at 100 deg F at t = 0 and
left there for 1 min after which it is immediately returned to the bath at
100 deg F.

(a) draw a sketch showing the variation of the thermometer reading with
time.

(b) calculate the thermometer reading at t = 0.5 min and at t = 2.0 min

&:L(rz 1 min)
X(s) s+1

(s) = 10{1—2}
s s



Y(s) = 10{ 1-53}
S

Y(s):lo[ ! _eﬂ}
s(s+1) s(s+1)

Y()=101-e") t<1

Y()=10( 1-e")-(1-e ") )t>1
At t =05 T = 103.93

At = 2 T =102.325

Pro blox S

5.5 Repeat problem 5.4 if the thermometer is in 110 deg F for only 10 sec.

If thermometer is in 110 deg F bath for only 10 sec

T =110 — 10



0<t<10sec & T = 60 sec
T (t=10sec)=101.535

T =100+1.535¢"“"9% ¢ 510 sec
T(t=30sec) = 101.099 deg F

T(t=120sec) = 100.245 deg F

B 5
|

F e
|

S

5.6 A mercury thermometer which has been on a table for some time,is
registering the room temperature ,758 deg F. Suddenly, it is placed in a 400
deg F oil bath. The following data are obtained for response of the
thermometer

Time (sec) Temperature, Deg F
0 75

1 107

2.5 140

5 205

8 244

10 282

15 328

30 385

Give two independent estimates of the thermometer time constant.



t
T=——"7"<
( 325 j
In
400-T

From the data, average of 9.647,11.2,9.788,10.9,9.87,9.95, and 9.75 is 10.16 sec.

5.7 Rewrite the sinusoidal response of first order system (eq 5.24) in
terms of a cosine wave. Re express the forcing function equation (eq 5.19)
as a cosine wave and compute the phase difference between input and
output cosine waves.

1
Aw T
ST+ o’ 1

s+
T

Y(s)= TS1+1<s> -

splitting into partial fractions then converting to laplace transforms

Aawt A
Y()= ———e "7 + ———— sin(wt +
R N T
where ¢ = tan” (1)
As t —>oc
Y(t)|s = 4 sin(a)t+¢)=Lcos(a)t—(£—¢J )
o’ +1 ’w’ +1 2

Y(t)= Asin(ot+¢)=A4 cos(% - cot}

T
Y)= A4 cos(a)t - Ej

The phase difference = ¢— % - (— _j :|¢|



5.8 The mercury thermometer of problem 5.6 is allowed to come to
equilibrium in the room temp at 75 deg F.Then it is immersed in a oil
bath for a length of time less than 1 sec and quickly removed from the
bath and re exposed to 75 deg F ambient condition. It may be estimated
that the heat transfer coefficient to the thermometer in air is 1/5™ that in
oil bath.If 10 sec after the thermometer is removed from the bath it reads
98 Deg F. Estimate the length of time that the thermometer was in the bath.

t <1 sec T,=400-325"""
Next it is removed and kept in 75 Deg F atmosphere

Heat transfer co-efficient in air = 1/5 heat transfer co-efficient in oil

hair =1/5 hoil
T _mC 7, =10sec
hA
7, =50sec

T.=175+ (T, =75)e ">
T, = Final Temp=98degC
98= 75 + (325 —325¢711%)e 1%

e""=0.91356

t; = 0.904 sec.

5.9 A thermometer having a time constant of 1 min is initially at 50 deg C.
it is immersed in a bath maintained at 100 deg C at t = 0. Determine the
temperature reading at 1.2 min.

T = 1 min for a thermometer initially at 50 deg C.
Next it is immersed in bath maintained at 100 deg C at t = 0

Att =12



Y(t) =A(1-¢e"7)

Y(1.2) =50(1-e"*"")+50

Y(1.2) = 84.9 deg C

5.10 In Problem No 5.9 if at, t = 1.5 min thermometer having a time
constant of 1 minute is initially at 50 deg C.Itis immersed in a bath
maintained at 100 deg C at t = 0.Determine the temperature reading at t =
1.2 min.

At t =15

Y (1.5) = 88.843°C

Max temperature indicated = 88.843 deg C

AT t = 20 min

T=88.843 — 13.843(1 - **'")

T = 75 Deg C.

5.11 A process of unknown transfer function is subjected to a unit impulse
input. The output of the process is measured accurately and is found to be
represented by the function Y(t) =1t ¢'. Determine the unit step response in
this process.

X(s) =1 Y(t) = te*

I
Y =y
G(s) = Y(s) 1

X(s) (s+1)?
For determining unit step response

1
(s +1)°

Y(s) =



1 A B C

=—+ +
(s+1)? s s+1 (s+1)

Y(s) =

A=1B=-1 C=-1

1 1 1
Y(s)= ———-— >
s s+1 (s+1)

Y(t)= 1-e' —te’

Response of first order system in series

7.1 Determine the transfer function H(s)/Q(s) for the liquid level shown in
figure P7-7. Resistance R; and R, are linear. The flow rate from tank 3 is
maintained constant at b by means of a pump ; the flow rate from tank

3 is independent of head h. The tanks are non interacting.



Solution :

. % Ui - P VTl { ) LI R =
¥, ol
uH. ) ~ Ay
| ] 7
‘“r-—_‘.f."
74 ‘ Ll Trt
R P A~
— f |
| ha | |
Temk 2

FIGURE

A balance on tank 1 gives

an,
9, L

where hl = height of the liquid level in tank 1
similarly balance on the tank 2 gives

dh,

—q. = A
9, — 49, 2

and balance on tank 3 gives

VAR

L

L

L]



q; — 49 S
h
here = = 2 = b
q lqz R, q
So we get
o dh
R odr
Wby, odh
R, 7 odr
h, B dh
R, 7 ar

Dos _p=o
2

Subtracting and writing in terms of deviation

H dH
A e
0 R, odt



where Q = q—qs

H,= h;-hig
H= hy-hys
H= h- hS

Taking Laplace transforms

065) = = s H(5) omene()

Hy(s) Hy(s) _
Rl R2 -

We have three equations and 4 unknowns(Q(s),H(s),H;(s) and Hy(s). So we

can express one in terms of other.

From (3)

H,(s)
R A;s

H,(s) = 4



B = p s ey oo B=Rdr (5)
From (1)
R O(s) b4
) = (2 n R ()

Combining equation 4,5,6

H (s - 0(s)
(A4y8)(7;s + 1) (7,5 +1)
H(s) _ 1

O(s)  (Ays)(z,s+1)(7,5+1)

Above equation can be written as

1.e, if non interacting first order system are there in series then there overall
transfer function is equal to the product of the individual transfer function in
series.

7.2 The mercury thermometer in chapter 5 was considered to have all its
resistance in the convective film surrounding the bulb and all its
capacitance in the mercury. A more detailed analysis would consider both
the convective resistance surrounding the bulb and that between the bulb
and mercury. In addition , the capacitance of the glass bulb would be
included.

Let

Ai = inside area of bulb for heat transfer to mercury.

Ao = outside area of bulb, for heat transfer from surrounding fluid.
.m = mass of the mercury in bulb.

m, = mass of glass bulb.

C = heat capacitance of mercury.



Cb = heat capacity of glass bulb.

.hi = convective co-efficient between the bulb and the surrounding fluid.
.ho = convective co-efficient between bulb and surrounding fluid.

T = temperature of mercury.

Tb = temperature of glass bulb.

Tf = temperature of surrounding fluid.

Determine the transfer function between Tf and T.what is the effect of bulb
resistance and capacitance on the thermometer response? Note that the
inclusion of the bulb results in a pair of interacting systems, which give an
overall transfer function different from that of Eq (7.24)

Writing the energy balance for change in term of a bulb and mercury
respectively

Input - output = accumulation

dT,
hyAy(T, T, )-h.A,(T, =T) = m,C, 7;)

dT
hiAi(Th —T)—OZ mC ;

Writing the steady state equation

dT,
hyAy (T T, 1A (T, —T,) = m,C, —d;” =0

hiAi(Ths _TV) = 0



Where subscript s denoted values at steady subtracting and writing these
equations in terms of deviation variables.

dT
hOAO(Tf T, yhA(T,-T,) = mC, Ttb

dT
hA(T, -T,)>0=mC dtm

Here Tr = T¢ - Tgs
Tg= Tp - Tos
Tm=T - Ts

Taking laplace transforms
hy Ay (T () Ty ()1 A,(Ty = T,,) = m,C,T,(s)----(1)
And h A, (T,(s)-T, (s)) = mC sT,(s)------ (2)
= hyA,(T.(s)—T,(s))-mCST, (s) = m,C,sT,(s)
From (2) we get

T,(s)=T,(s) {Z—js + 1} =T (s) (r,5+])

1 1

Where 7, = ULS
h.A

470

Putting itinto (1)

T.(s)— T,(s) [(z’is + 1)) (zs +1) + ];"AC s} )

0470



T.(s) =T, (s) [(z’is + 1)) (75 +1) + ZAC; s}

_ T,(s) 1
Ty (s) T.7,8° + (1, + 7, + mC )s+1
070
T, () _ 1
Tr (s) Tyt +(t, +7, + mC )s+1
070
Or we can write
T(s) 1
Ty (s) T.7,8° + (1, + 7, + mC )s+1
0470
7, ~C and T, = Gy
i“70 hOAO

We see that a loading term mC/ hoAo is appearing in the transfer function.
The bulb resistance and capacitance is appear in 7, and it increases the

delay i.e Transfer lag and response is slow down.

7.3 There are N storage tank of volume V Arranged so that when
water is fed into the first tank into the second tank and so on. Each tank
initially contains component A at some concentration Co and is equipped
with a perfect stirrer. A time zero, a stream of zero concentration is
fed into the first tank at volumetric rate q. Find the resulting
concentration in each tank as a function of time.

Solution:



.i™ tank balance

dcC,
C.,—qC =V——
q i-1 q i dt

qC(H)s -qC, =0

Taking lapalce transformation

Ciy(s) = Ci(s) = 7sCi(s)

Ciyy(s) = L+ 75)Ci(s)

Cs) 1
C_(s) l+zs
Similarly

G _CEe) GO Cus) G __ 1
Co(s)  Co(s)  Cy(s) Coo(s)  Ci(s) (I+7s)i



Or

Cy(s) 1
Co(s) - (1+zs)"

-C,

Cwls) = s(+zs)"

C/v(s)=_co{l -
s

C,(6)=—C, |1-
C,(6)=—C, |1-

7.4 (a) Find the transfer functions H,/Q and H3/Q for the three tank system
shown in Fig P7-4 where H;,H; and Q are deviation variables. Tank 1 and

T T T
(I+zs)"  (A+zs)V! 1+
t t
e M e t"?

NS T (V-2

A0 I

C(N-D! T (N=2)!

Tank 2 are interacting.

7.4(b) For a unit step change in q (i.,e Q = 1/s); determine H3(0), Hjz(c0)

and sketch Hj(t) vs t.

Solution :

Writing heat balance equation for tank 1 and tank 2



AT

—_—
III

I| A _:L 1

v op=h ) Ao ]

1 i F 1

M 1 I \

IIL | ; \

\ |I ):hr' \ | | ,

' [ — -1l h
e bt el
R
R
q9—4,= i
dh,
9~ 9= 2?
_hl_hZ _hz
q, = R, 9, R,

Writing the steady state equation

qs - qls = 0
qls - q2s = 0
Writing the equations in terms of deviation variables

dH
0- Q1 = Al dtl

dH
Ql - Qz = Az dt2



Taking laplace transforms

()~ Oi(s)= AsH,(s)

O, ()= Oy (s)= A;sH, (s)

R O,(s)= H,(s)-H,(s)

R, 0,(s)= H,(s)

Solving the above equations we get

Hz(S)_ R,
0o(s) - I_z'ﬂ'zs2 +(71 +7,+ 4R, )S+1J

Here 7, =R 4
7, =R, 4,

Now writing the balance for third tank

dh,

—g.= 4.3
9, — 43 S

Steady state equation

Grs — 435=0

h,
Q3_R3

H dh
Qz_ P —



Taking laplace transforms

0.(5)- 2 4511(s)

3

(T3S+1) where 7, =R, 4,

0,(s) =

H,(s)
R

3

From equation 1,2,3,4 and 5 we got

0.6) i
0O(s) I_z'1z'2s2 +(7, + 7, +A1R2)S+1J

Putting it in equation 6

H3 (S) _ R3
O(s) [r112s2 +(r,+7, + AR,))s + lkr3s +1)

Putting the numerical values of Ri R, and R; and A;,AzA;

H,(s) _ 4
O(s) [4s*+6s+1[2s+1)

H,(s) _ 2
O(s)  |4s® +65+1]

Solution (b)

0 ()=

S



s)—l 4
s las? +65+1)25+1)

Hy(

From initial value theorem

H,(0)= éim sH, (s)

. 4
Lim >
Soe (25 +1)(4s” + 65 +1)

4

= Lim 6
—>00 3 9 1
(25 +1)s (4+S+A2)

H; (0)= 0

From final value theorem

Hy()= LimsH, (s)
Lim 42
550 (25 +1)(4s” +65+1)

H; (©0) = 4



7.5 Three identical tanks are operated in series in a non-interacting fashion
as shown in fig P7.5 .For each tank R=1,t = 1. If the deviation in
flow rate to the first tank in an impulse function of magnitude 2,
determine
(a) an expression for H(s) where H is the deviation in level in the third
tank.

(b) sketch the response H(t)

(c) obtain an expression for H(t)

solution :

writing energy balance equation for all tanks

dh

g =4
q — 4, dt
dh

q, —q, =4 2

dr



So we get

qgs —qis =0
Gis =425 =0

Grs =435 =0

writing in terms of deviation variables and taking laplace transforms

Q(s)—HlT(S) = Ay H(s)

QI(S)_HZ(S) =AS Hz(S)
R R

H,(s) H(s) A H (s)
R R s

solving we get

H(G) R 1
O(s) (rs+1)P  (s+1)°

- Q0 2
(zs+1) (s+1)




2

H(t) = L'{H(s)} = 2 % e

H(t) = tPe”

dH() =2te’ —te'=0
dt
=2t =t*

at t = 2 max will occur.

7.6 In the two- tank mixing process shown in fig P7.6, x varies from 01lb
salt/ft; to 1 Ib salt/ft’ according to step function. At what time does the
salt concentration in tank 2 reach 0.6 1b/ ft® 2 The hold up volume of each
tank is 6

ft'.

Solution

Writing heat balance equation for tank1 and tank 2



dl
—g =V =
q, —4. "

steady state equation

49 s _(’Iys = 0

9y =4 =0

writing in terms of deviation variables and taking laplace transforms

X(s)—-Y(s) = KsY(s)
q

Y(s) 1 1 'r—K

X(S)_(VS+IJ_TS+1’ _q
q

YRR (G NP (O

(zs+1) - (rs +1)

C(s) 1
X(s) (rs+1)>

X(s) = 1
s
TZK _6_ 2
g 3
(5= 0



1 L
Cty=1-—te*—e?
(1) 5

C(t)=0.61 Ib salt | fi’

t =4.04 min

7.7 Starting from first principles, derive the transfer functions H;(s)/Q(s)
and H(s)/Q(s) for the liquid level system shown in figure P7.7. The
resistance are linear and R;= R, = 1. Note that two streams are flowing
from tank 1, one of which flows into tank 2. You are expected to give
numerical values of the parameters and in the transfer functions and to

show clearly how you derived the transfer functions.



48 _l

Writing heat balance equation for tank 1

dh
q9-9,—9 =4, 7;
B
ql Rl qa Ra
h h dh
R, dt

writing the balance equation for tank 2

dh
g = g Y
9, =49, 2
e di
. R, dt




hs _hs_
Rl R2

writing the equation in terms of deviation variables

1 1 dH
Q_H1(_+_j =A17t1

taking laplace transforms

Q(S)_Hl(s)(%j =Ag H,s ------mm- (1)
R

from (1) we get
H,(s) _ 1
O(s) {AS+R1+RQ}

1" a

RlRa
H,(s) _ R +R,
0(s) R R, A, ol
R +R,




RlRa
Hl(s) _ Rl +Ra - R R
O(s) [zs+1] ' R +R

and from (2) we get

R2Ra &
Hl (S) _ Rl + Ra Rl

0(s) B [rls + 1](rzs + 1) &

= R, 4,

putting the numerical values of parameters

9
H,(s) _ 3

O(s) (4 s+ lj
3

8
H,(s) _ 3

Q(s) (:s+lj(s+l)

8.1 A step change of magnitude 4 is introduced into a system having the
transfer

Y(s) 10
X(s) s*+1.6s+4
Determine (a) % overshoot
(b)Rise time
(c)Max value of Y(t)
(d)Ultimate value of Y(t)
(e) Period of Oscillation.




[V ="

Given X(s)= 4 Y(s)=— 40
s s(s”+1.6s+4)
The transfer function is Y(s) = 10x()1.265 = 5 2:5
2=025;7=05
0.4 .
and2ét =04 & =—— =04 (<1 = system is underdamped)
2(0.5)

we find ultimate value of Y(t)

Lt Y(t) = Lt sY(s)= Lt 24$ L T

1> 5-0 s->05(s”+1.6+4) 4

thus B=10

now, from laplace transform tables

e
Y(r) =10/1- e 7 sin(a + @)
g o)

1-&
4

V1=

T

where a=

, @ :tan’H



1-¢&? J0.84

(a) Over shoot = %: exp( — 7o Jz exp[ﬂ} = 0.254

thus % overshoot = 254

c)thus, max value of Y(t) = A+B = B(0.254)+B
= 2.54+10= 12.54

e) Period of oscillation = 27T _ 3.427

1-&2

b) For rise time, we need to solve

g

10/ 1— e 7sin(05t+¢) =10 fort =t,

1-&°

2
et

= e * sin(at, +¢)= 0

= e % sin(1.8337 +1.1589)= 0
solving we get t. = 1.082
thus

SOLUTION: % Overshoot = 254
Rise time = 1.0842
Max Y(t) = 12.54
u@) Y = 10
Period of oscillation = 3.427

Comment : we see that the Oscillation period is small and the decay ratio
also small = system is efficiently under damped.



8.2 The tank system operates at steady state. At t = 0, 10 ft* of wateris
added to tank 1. Determine the maximum deviation in level in both tanks
from the ultimate steady state values, and the time at which each
maximum occurs.

A=A, = 101
R; = 0.1ft/cfm R, = 0.35ft/cfm.

I}"C:E'ﬂ__. EW >0
‘E ky
Ty
R
Ra
T e

As the tanks are non interacting the transfer functions are

H(s) K, _ 01
0(s) 7s+1 (s+1)

Hy(s) _ R, B 0.35
0(s) (rs+D)(r,s+1) (s+1)(3.5s+1)

Now, an impulse of 0(¢) = 10 fi’is provided

0(s)=10= H,(5) = ="

3.5 3 3.5
(s+1)(3.5s+1) 3.55° +4.55+1

and H,(s)=
Now 7> =3.5=7=1.871
4.5

2r=45=¢=""=1202
T

thus, this is an ovedamped system



Using fig8.5, for £ =1.2, we see that maximum is attained at

L _0.95,/=1.776 min
.

And the maximum value is around 7, =0.325Y,(t) = 0.174

= Hy(t) = 0.174x3.5 = 0.16ft
thus max deviation is H; will be at t = 0 = H; = 1 ft
max deviation is H, will be at t = 1.776 min= Homax = 0.61 ft.

comment : the first tank gets the impulse and hence it max deviation turns out
to be higher than the deviations for the second tank. The second tank exhibits an
increase response ie the deviation increases, reaches the Homax falls offto zero.

8.3 The tank liquid level shown operates at steady state when a step
change is made in the flow to tank 1.the transaient response in critically
damped, and it takes 1 min for level in second tank to reach 50 % of total
change. If Aj/A; = 2 find Ry/R,. calculate 1t for each tank. How long does
it take for level in first tank to reach 90% of total change?

ke ]
i N

HI(S) _ R,
O(s) 7 s+1,

For the first tank, transfer function

H,(s) _ R
0(s) (r;s+1)(1,5+1)

For the second tank



_ H,(s) _ R,
O(s) 1,7,8 +(r, +1,)s+1

0(s) = s Ha(s) =+ =

s 7,7,8° +(1, +7,)s +1

t(parameter) = /7,7,

For t(parameter) = /1,7,

for & =1,H,(t) = R2[1{1+ \/E e

given,t = 1 for z(parameter) = /77,

H,(t > )= Rz(l_(o)) =R,

also 2é6r=1,+7,

=1 =7 =AR = AR, =

2 R,

from 1

1 1
1—0.5=(l+—j e’
T

) R 4

|



t

8.3)H,(s) = ﬁ H()=R(-e¢ ")

t

0.94(t > o) = R (1-e ™)

t

0.9R, = R,(1—e °5%)

t
e 5% =0.1; t =1.372min

thus

R
—L=0.5
R

2
7,=7, = 0.596 min

fope, = 1.372 min

Comment :
Smallvalues of t,,7, indicate the system regains the steady state quickly.Also as R, > R, ,the second ta

responds more slowly to changes than first tank.

8.4 Assuming the flow in the manometer to be laminar function between
applied pressure P; and the manometer reading h. Calculate a) steady sate
gain ,b) 7,c) £. Comment on the parameters and their relation to the

physical nature of this problem.



-

Assumptions:

Cross-sectional area =a

Length of mercury in column= L
Friction factor = 16/Re (laminar flow)
Mass of mercury = my,

Writing a force balance on the mercury

Mass X acceleration = pressure force - drag force - gravitational force

d*h pu’
=Ap, — 4
a D s 2

(ALp) — A(pgh)

£d2h+_8’u @4_}1—&

g dt*  pgD dt o'y

h
At Steady state, ° pg

2
Ld fl+8_ﬂd_H+ y =P
g dt pgD dt o'y

- Lleneh 2 sm)+ mis) =28
g pgD P8

- [k1S2 "‘sz'H] H(s) =k;p,(s)



H,(s) _ ks
p,(s) (kls2 +k,s+1)

Where £, =£; k, =8—’u; ky =—;
g pgD Pg
H,(s) _ R

Thus =
p(s) (778" +2&r s+1)

Y :8_u;:(4_uj( A]
pegD 2t | pgD g

Steady state gain

Lt G(s) =R _ L.
§-0 pg

Comment : a) 7 is the time period of a simple pendulum of Length L.
b) ¢ is inversely proportional to 7 ,smaller the 7 ,the system will
tend to move from under damped to over damped characteristics.

8.5 Design a mercury manometer that will measure pressure of upto 2
atm, and give responses that are slightly under damped with ¢ = 0.7

Parameter to be decide upon :

.a) Length of column of mercury
.b) diameter of tube.



Considering hp,x to be the maximum height difference to be used

2%1.01325%10°

— ool =} :
Pr = P8 = =70 61413600

h,..=1.51m;

Assuming the separation between the tubes to be 30 cm,
We get an additional length of 0.47 m;

Which gives us the total length L= 1.5176.47
L=2M

o <m0 [l

4y\/§ 4%1.6%107 |81
p=— VL 2 _15%107

—_—

- 0.7pg  0.74*13600*9.81
=0.00015

As can be seen, the values yielded are not proper, with too small a diameter
and too large a length. A smaller & value and lower measuring range of

pressure might be better.



8.6 verify that for a second order system subjected to a step response,

e s1n[ﬂ}+tan 1\/_7

Yt)=1-

\/17

With & <1

Y(s) = 1 !
s (2P 428 +))

s’ + 28 +1=(s—5,)(s —,)

— £ -
where s, + =—a+b
T T
2
- -1
s2=—§+ d =—a-b
T T

Y(s) =

s(s=s)(s—s,)

Y(s)=i2{é+ B + ¢ }
ls (s=s) (s-s,)

7| s (s=s) (s-5,)

Y(s):%{é+ B + ¢ }

A(s> — (s, +5,)s+5,5,)+Bs(s—s,)+Cs(s—s,) =1

A+B+C=0



—A(s, +s,)—Bs,—Cs, =1

As, s :I;A:L:B+C:—L
S18, S18;,
1
=Bs, +Cs, = ——
S

+
sy, St L1
S8, S 8,
$,(s, =5,) 5,08, =5 5,5, 5,(s, —s))

1 I )1 1 1 1 1
o= ? “5152 };_Sl(sz :Sl).(s_s1)+sz(sz _51)'(5_52)}

< Y(t):%{l_ Lo, 1 )eszt}
1

TOLss,  si(sy, =) Sy(s, =8

(s, =5 L8 S
Y()=1- [szes‘t — 5™
2= 8))
Y(6) = 1+ —— [szeslt - sleszt]
N



&

Y(t) =1 —% [(~a — jb)(cosbt + jsinbt)—(~a + jb)(cosbt — jsinbt]
-1

N

_éa
Y(t)=1- e [— 2 jb(bcosbt +a sinbt)]

24E% —1

<3
T

Y(£) =1- ; L/l — &2 cos(at) + (fsin(at)]
2

o = 1_52

g

-1 1_52
=t
¢ =tan [ : ]
verified

8.14 From the figure in your text Y(4) for the system response is
expressed

b) verify that for & =1,and astep input

t

Y()=1- (1 + 1}3_1
T



1 1
Y(s)=—————
(s) sTist +m+1

1 A Bs+C
Y(§) ———5 =—+ >
s(zs+1) B (r+1)

A(r>s> + 25+ 1)+ Bs Cs=1
Ar? + B=0

247 +C=0

A=1; B=17* ;C=2r

Y(s) :l_r(rs+1)+r

s (s +1)

1 T T
¥(s) s (m+1)  (m+l)

t t

Y(t) =l-e " —ltei;
T

t

Y(t) =1—(1+Lyze ©
T

proved
c) for & >1, prove that the step response is

Y()=1- e’g [cosh(ar) + fsinh(ar)]



a= p =
T £ -1
2
Now Y(s) = i
s(s=B)(s—s,)
Where
2_
o E e
T T
2
-1
Lo £ 2
T T
from 8.6(a)

Y(t)=%{1l— . . 1}
5y

S, 8 808, —8) (s—5)) $,(s5 = 57) (s —5,)

Y(t)= _ SeS]t_seSZt
2_31)[2 1 ]
2+ i)
—E-1-gr) & (- _g2 ) g N
V(o) =14—2 (5 15]6,6 (NJ -,
2{E -1 T 1 T
& [51 e 7
= ¢ & B P ) 537%
Y(t)=1+2\/e§27_1 —§e +§e r _ Z_Ie _\/ﬁe T



& at —at ot —at
m)_nw[_ ; ( ¢ H re ﬂ
52_1 2 2

Y()=1- e’g [cosh(ar) + fsinh(ar)]

8.7 Verify that for a unit step-input

— 75
(1) overshoot = exp[ il
J1-&° J

(2) Decay ratio = exp{ 27 ]

J1-¢&2

For a unit step input the response (§<1):

{7 I
Y(t)=1-— Sin [Jl—éziﬂanl[ 1;5 D
T

N

(1) we have to find time t where the maxima occurs

=dY/dt = 0
dy) Ze (&j t 1-¢7
1-&> ~+tan™
dt r\/l— T g
%) ;
¢ COS[ g2 i+tan1[ L= J
4
= tan[ +tan [“1;§2H 1_52

ff

for maxima

= 1-¢* =2nr

4




8.8 Verify that for X(t) =A sin ot, for a second order system,

Y(#) = 4 sin(et + §)
V- (@) +@eey

o 2wt

$=-tan 1—(wr)?

Y(s) = 2A 2 2 2 1
(s +w) (r7s" + 2+ 1)

Y(s):Af){ Al. + Bl. + ¢ + D' }
| (s—jo) s+jo (s—s) (s-5,)

Now as t = o,Y(t)=A" cosawt + B"" sin ot

Where A4'' =4'+B'
Bll :J(Al _Bl)
to determine A',B' put s = jo,~jo in the order

Al — _.] Bl — .]
2a)(ja)—s1)(ja)—s2) 2a)(ja)+s1)(ja)+s2)

A“:L 1 3 1
20| (s, + jo)(s, + jo) (jo-—s)(jo-s,)



4= J |0’ - o= js,0+5,5,) = (-0’ + js,o+ js,0+s,5,)
20 (5, + 0*)(s? + 0?)

(5, + 0*)(s? + 0?) (s’ +0*)(s? + o)

P
yi :{ (s, +5,) . } similarly B :{ (5,5, —@") }

. 2 1
using s, +5, = T 8§18, = ?

a2 482 2287 -))
T ST o
_ 2%
A11:Aa) T
1 20 ., .
?+ = 2 -DN+w
-24Awé
_ 3 _ -2Awér
- 2 2 242 2
[2 1) (2560) (I-(07)")” +(28w7)
O —— | +|—7—
T T
o )
and B"' =27 z - -
el ()
(0] 72—a) +
T T
A1 - (w1)*)

T (- (w0)) + (2ewr)



A" 2wt

Thus tang =—— =——2>-
/ B"  1-(wr)’

A
= (00)) + 2Ew0)’

And, 4 (using VA'"" +B'" =4,

A

Thus, Y(¢) =
v V(1= (@7)*)* + (2wv)

Sin(at + )

proved

8.9) If a second- order system is over damped, it is more difficult to
determine the parameters £ & 7 experimentally. One method for determining

the parameters from a step response has been suggested by R.c Olderboung
and H.Sartarius (The dynamics of Automatic controls,ASME,P7.8,1948),as
described below.

(a) Show that the unit step response for the over damped case may
be written in the form.

nt nt
re- —r,e
nr,

Where r; and r, are the roots of

s’ +2Em+1=0
(b) Show that s(t) has an inflection point at

- In(r, /1)

i (r,—n)

© Show that the slope of the step response at the inflection point

a8 1 g
2, =)

1 _ nt __ nt;
Where, s (t,)=—re" =-re”



1 (r—ry)
7
2
n

(d) Show that the value of step response at the inflection point is

t.
sl(ti)=l+ﬂsl(ti)and that hence l—g=—l—i
nr, s () noon

(e) on a typical sketch of a unit step response show distances equal to

_ S(ti) & 1
Sl(ti) Sl(ti)
(f) Relate S&rtor &r,
2l 1
1 ’ i
G(s)= = y - )
@ G(s) 7?57 + 26 +1) (S”(%}JFIZJ (s=r)s—r)
T T
L
= V(=L

_S(s—rl)(s—rz)

1 A B C
==+ +
s(s—n)s—r) s s—-r s—r

1= A(s—nr)(s—r,)+Bs(s—r,)+cs(s—1,)

Put s= 0 = Arn=1; A=17"
1
Put s=r =Br(r,—r,)=1B=
n(n—r)

s=r,=Cr(,-n)=5C= !
r(r,—n)

Y(S):iz(i'i‘ ! + ! ]
o\ s n(h-n)s—-n) nk-r)s-r)



1 nt nt
Y(t):—z[r2+ ¢ +—° j

T n(n—r) nr-n)

Y(t)=1 —( [rlerzt —re" ]]
1~ "2
Y(t)=1——¢rler2t —ne”
(n—nr)
d’s d’s
b) For inflection point, — =0& — =0
®) P dt’ dt’
ds _ nn, (e —e™)
dt n =T,
d’s __nn(ne” —ne”) 0
dr? =,
— uzerzt — rle”lt — 7"_2 — e(’l*”z)ti
n
ln[rzj
Con-n
ds(t ,
© D0 =)




ds(t) | __hh —e (i_ J
dt ' (r,—ry) \r

nt

— _ nto_
=-rel =-ne

LION
e

v r

1

st L --=%

1ol Tty ! 7 7,
—ne 2 1

=1+
n—n n—rn

g 7.
Sl(tf) -
non

n—rn

(@ s)=1-1°

= s(t)==1+

Now



non

sy [1 1
S'(t) o non

1 1 1
Ntn=—F=n"n =";7=
T T

S(tl.)—lz :Sl(ti)|:i+i:|

proved.

8.10 Y(0),Y(0.6),Y(0) if

Y(s)= —

1 25(s+1)
s (s +25+1)

1 1
Y(S) = (14_;}—52 Y

Y(s)

—+—+1
(25 25 )

impulse response + step response of G(s)



Y (1) =

- . _ 2 t -1 1_52
g

;e T siny1-&" —+tan
J1-& 1 T

Y(t) = 145.0.3¢™ sin (4.899t)-1.02¢™ sin(4.899t+1.369)

Y(0)= 1-1=0
Y(0.6) = 1+0.561+0.515
Y(o) =1

Comment : as we can see,the system exhibits an inverse response by
increasing from zero to more than 1 and as t tend to oo,will reach the
steady state value of 1.

8.11 In the system shown the dev in flow to tank 1 is an impulse of
magnitude 5.A; = 1 ft’, A,= A; =2 ft* , Ry = 1ft/cfm R, = 1.5 ft/cfm.

(a) Determine H;(s), Ha(s),
Hi(s)

8 - U5y |

W 1. .,

U _ J %

H1(S) _ 1

Transfer function for tank 1 =
O(s) (zs+1D)

B =500



Hy(s) R, 1.5

from tank 2, = =
O(s) (os+D)(zs+1)  (s+D@Bs+1)

dh
for tank 3, ¢, —q. =A4,—>
q2 qc 3 dt

dh,

= const) =0, = A,—
q; =4q.( ) =0, St

H,(s) _Hiy(s) 1
R, H,(s) 3s

thus, 4, SH,(s)=

H,(s) _ H,(s) =L

A, SH,(s5)=
s SH,(s) R, H,(s) 3s

H,(s) 0.5
O(s) s(s+1)(Bs+1)

8.110 H,(s) = —
(s+1)
H,(t) = 5¢"
H,(3.46) = 0.1554
Hy(s) 15

0(s) S35t +4s+1

7.5
3s? +4s+1

O()=5=H,(s) =



r=V3

4 4
=—=—F==1155

¢ 2t 243

from fig 8.5

Fo1155and L= g=L 2340
T T \/E

tH, (1) =0.265X7.5

H, (1) =w=1.147
T

Hy(s) _ 0.5

O(s) s(3s* +4s+1)

2.5

0O =3I G aven

2
r:\/ggzE

from fig 82 at ~=2,&=1.155
T

Y(t) =0.54

Hj(t) =0.54*2.5= 1.35



=28
e

8.12 sketch the response Y(t) if Y(s)= ——M——
P © )= 12D

Determine Y(t) for t = 0,1,5,

=28 =28
e e

(s> +125+1)  (s+0.6)> +(0.8)?
Y(t) = 1.25¢°? sin(0.8(t - 2)) t > 2

1 (0.8
0.8 (s +0.6)" + (0.8)°

Y(s) =

for t=0Y(0)=0
t=1,Y1)=0
t=5Y(5)=0.14
t=00,Y(0)=0

1\

YiB)

ST A G R
S e
7R o

Problem 8.13 The system shown is at steady state at t =0, with q = 10
cfm
Ay = 1f,A,=1.25ft> R;= 1 ft/cfm, R,= 0.8 ft/cfm.

a) If flow changes fro 10 to 11 cfm, find H,(s).

b) Determine H;(1),H,(4),H;()

¢) Determine the initial levels h;(0),h2(0) in the tanks.
d) obtain an expression for H;(s) for unit step change.



0
L t Ko ik
e e
Writing mass balances,
(hl _hz) dh
-~ 2= 4 —(fortank 1
q R, (" (fe )
h,—h
At steady state ¢, —%=hls —h,g
1
Also for tank 2
(U =hy) by _ dhy
R, R, 7 dt
h, —h h
At steady state (“1—23)=£=h2s =0.8*10=8

hg =18

C) hy =181t h, (0)=8fi

The equations in terms of deviation variables

dH H -H
-0, =4, — where O, =—1—2
Q Ql 1 dl Ql 131
dH H
0, -0, :A27t2 0, :R_j

H,(s) R, _ 0.8
0(s) t,0,8" +(r,+7, +AR)s+1 s°+2.8s+1




0.8

H,(s)=—F—
2(5) s(s* +2.85s+1)

(Ans8.31(a))

Step response of a second order system

P=1=r=1

252’22.8;52%:1.4

ay =1=L =1, H,(1) = 0.8(0.22) = 0.176 i( from fig)
T

by =4 =L =4 H,(t) = 0.8(0.78) = 0.624 fi( from fig)
T

o)t >0=H,(t—>o)=0.8ft

Thus
H,(1)=0.176 f
H,(4)=0.624fi
H,(©)=0.81t
8.13(d) we have

0()0,(s) = 4,(s)H, (s)
0,(5)—0,(s) = 4,(s)H, (s)

0(s)—Q,(s) = 4, (s)H (s)+ A4, (s)H , (s)

O(s) — 4, (s)H,(s) = (RL +4,(s)H, (S)j

2



:[(1;:23]1{2@)}

R,(Q(s)— AisH,(s)
Hr,s

Hz(S):(

R
We have Hy(s) _ . R, =2
o(s) 7,7,8" +(r,+7, + A R,)s+1) Deg

R,H,(s) _ R, (O(s)— AsH (s)
Deg - (1+7,s)

l1+7,s _ (I—Als— Hl(s)]
Deg 0(s)

H( s) 1 1_Hrz(s) 1 | Deg—1-1,s
O(s)  s4, Deg ) Ags

H(s) 1 (rlrzsz + (7, +7, +A1R2)s+1—1—z'2sj
0(s) 54,

Deg

H(s) 1 (rlrzs +11+A1R2)sj_

O(s)  s4, Deg

H( s) _( R, + R (1+1,5) j

O(s) 7,7, +(r, +7, + A R,)s +1



Reghouses

B L)
W, )
2
e
W L)
'H._Ltt_)f"\
D .ﬁ\bt_:m
H, ) L Mo ﬁthlfm @ Suesdawped.
A
G p— = = — . — -




8.14

Y(s) 2 (2s+4)
s (457 +0.8s+1)

¥(s) _i (s+2)
s (457 +0.8s5+1)

Y(s):4(1+gJ 5 !
s )(4s” +0.85+1)

8 N 4

Y(s) = 2 2
(45" +0.8s+1) (45 +0.8s+1)

= (step response) + (impulse response)
Now,r:\/z =2;2{1=0.8

£=02

also, i=i=2
T 2

impulse response tY(t) = 4*0.63 = 2.52 (from figure)
step response = 8*1.15 = 9.2 (from figure)
Y(4) = 1.26+9.2

Y(4) =10.46



Q 9.1. Two tank heating process shown in fig. consist of two identical,

well stirred tank in series. A flow of heat can enter tank2. At t = 0, the flow rate of heat

to tank2 suddenly increased according to a step function to 1000 Btu/min. and the temp

of inlet Ti drops from 60°F to 52°F according to a step function. These changes in heat

flow and inlet temp occurs simultaneously.

(a)

(b)
(©)
(d)

Develop a block diagram that relates the outlet temp of tank2 to inlet
temp of tank1 and flow rate to tank?2.

Obtain an expression for T,’(s)

Determine T(2) and T,(c0)

Sketch the response T,’(t) Vs t.

Initially Ti = T, = T, = 60°F and g=0
W =250 Ib/min

Hold up volume of each tank = 5 ft°
Density of the fluid = 50 Ib/ft’
Heat Capacity = 1 Btu/Ib (°F)

A 4

A 4
P

v

Ti T,

Solution:

(a) For tank 1



Input — output = accumulation

dr,

WC(Ti=To)- WC(Ty =T =pCV =L

At steady state

(1)

WC(Tis — To) - WC(Tys — To)= 0

(1)—(2) gives
. . dT
WC(Ti—Tis) - WC(T, - Tj5)) =pCV 'y
t

WTi - WT, =p V ar.
dt

Taking Laplace transform
WTi(s) = WTi(s) + p Vs Ti(s)

Iis) _ 1
Ti(s)_1+zs

,Wheret=p V/W.

From tank 2

T,
q + WC(T; - To) - WC(T, ~Tg)=pC V ar;

)

dt
At steady state

3)

s + WC(T 15— To) - WC(Tas— To) = 0

(3)—(4) gives
Q +WC(T; —Ty) - WC(T, ~To) =pCV

dT >
dt

Q +WCT, -WCT, =pCV

Taking Laplace transform

dT >

“4)



Q (s) + WC(Ty(s) - Ta(s)) = pC Vs Tus)

_ 1 196) _
TZ(S)_I-FZ'S[WC +T1(s)} ,wheret=p V/W.

1 1
Tits) - - = > T
T.s+1 Ts+1
Process Process
1
Transtar Fand —
WC(s)

o)

(b) T=50%5/250 = 1 min

WC =250*%1 =250

Ti(s) = -8/s and Q(s) = 1000/s
Now by using above two equations we relate T, and Ti as below and after taking laplace
transform we will get To(t)

__1 96 1
TZ(S)_I—FTS 250 +(1+2S)2 711(‘5')

4 8
(+s) (1+s)

1 1 1 1 1
Tz(S) _4(;_(1+s)j_8(;_m_ (1+S)2]

T,() = (4+81)e” —4

T,(s)=

© TrQ)=-129
To(2) = To'(2) + Tas= 60— 1.29 = 58.71 °F
Ty’ (c0) = -4
Ty(0) = Ty’(0) + Tag= 60 — 4 = 56 °F



A

0.85

T’ (t)

0.5

v

-4

Q —9.2. The two tank heating process shown in fig. consist of two identical , well stirred
tanks in series. At steady state Ta = Tb = 60°F. At t= 0, temp of each stream changes
according to a step function

Ta’(t) = 10 u(t) Tb’(t) = 20 u(t)

(a) Develop a block diagram that relates T, , the deviation in the temp of tank2,
to Ta’ and Tb’.

(b) Obtain an expression for T;’(s)

(c) Determine T,(2)

W1 =W2 =250 Ib/min
V1=V2=10ft’

pl = p2 =50 Ib/ft’

C =1 Btw/lb (°F)



Tb
Al T, w2 W3=W1+W2

»
»

A 4
A 4
«

Ta Wi T,

Solution:

(a) For tankl

&zL ,Where t;=p V/ WI.
Ta(s) 1478

For tank2
dT,
WIC(T| = To) #W2C(Tb — To) = (WI+W2)C(T, = To)=p C V =2 o (1)
At steady state
WI1C(Tis— To) +W2C(Tbs — To) — (W1+W2)C(Tos — To)= 0 -------m-mm-m-=-- (2)
1H-@)
WIT, + W2Tb- W3T, =p V ‘Z =
t

Taking L.T
WITi(s) + W2Tb(s)- W3T,(s) = pVs Tax(s)



1
- w2 —
T,(s) . [41,3]"1(S)+ Ame(S)]wherer p V/W3.

1 RNV 1
TaEy — —— [ — i P L TZ
2+ L3iE) T.=+1
Tato TH T1 1o T2 Frocess
Mi2(E
Thta TZ !
WIF3(E)

Thi=)

(b) 11 =50*10/250 = 2 min
T=150%5/250 =1 min
WI/W3 =1/2=W2/W3
Ta(s) = 10/s and Tb(s) = 0/s
Now by using above two equations we relate T and Ta as below and after taking laplace

transform we will get T»(t)



Tz(s)zgms)_%m
(+s)  (1+5)

_ hne Bne

L) = (+5)1+25)  (1+5)
5 10
L) = s(1+5)(1+25) - s(l + S)
T,(s) = 15+ 20s
s(L+s)(1+2s)

15 5 20
Tz(”—(?‘m‘(msﬂ

T,(t)=15-5¢" —10¢ /2

() Ty(2)=10.64°F
T2(2) =T2’(2) + Tas= 60 + 10.64 = 70.64 °F

Q — 9.3. Heat transfer equipment shown in fig. consist of tow tanks, one nested inside the
other. Heat is transferred by convection through the wall of inner tank.
1. Hold up volume of each tank is 1 ft’
2. The cross sectional area for heat transfer is 1 ft’
3. The over all heat transfer coefficient for the flow of heat between the tanks is 10
Btu/(hr)(ft*)(°F)
4. Heat capacity of fluid in each tank is 2 Btu/(Ib)(°F)
5. Density of each fluid is 50 Ib/ft’
Initially the temp of feed stream to the outer tank and the contents of the outer tank are
equal to 100 °F. Contents of inner tank are initially at 100 °F. the flow of heat to the inner
tank (Q) changed according to a step change from 0 to 500 Btu/hr.
(a) Obtain an expression for the laplace transform of the temperature of inner
tank T(s).
(b) Invert T(s) and obtain T for t=0,5,10, o



10 Ib/hr

T
T,

Solution:

(a) For outer tank

WC(Ti = To) + hA (T) = Tz)- WO(T; = T) =p C V2 —

At steady state

v

dr,

(M

2

WC(Tis — To) + hA (Tis — Tas)- WC(Tas— To) = 0

(1)—(2) gives

dT,’

WCT? + hA (Ty -T2 )- WCT  =p C V, P
t

Substituting numerical values

dr,'

10T+ 10 (T -T2’ )—-10Ty’ =50 %

Taking L.T.
Ti(s) + Ti(s) — 2T2(s) = 5 s Ta(s)

Now Ti(s) = 0, since there is no change in temp of feed stream to outer tank. Which gives

L) __ 1
T(s) 2+5s



For inner tank

dT,

Q-hA(Tl—Tz)ZpCVl dl‘l

Qs -hA (T1s—Ty) =0

(3) —(4) gives
Q-hA(Ty-T)=pCV, a

dt
Taking L.T and putting numerical values
Q(s) — 10 Ty(s) + 10 Ta(s) = 50 s Ty(s)

Q(s)=500/s and  Ty(s)=Ti(s)/(2+ 5s)

107,
ﬂ—lOTl(s)+0—l(S) =50s7,(s)
S 2+5s
50 1
—=T1,(s)| 5s — +1
s ! ){ 2+5s }
T (s) = 50(2+5s)
: s(25s% +15s +1)
2(2+5s)
Ti(s) =
3.82 26.18
sl +382, s +26.18 |
100 94.71 5.29
Ti(s) =

s (S+3.8%O)_ s+ 26.1%0)

T, (t)=100-94.71¢ " /% -529¢ """ V5

and

T,(6)=200-94.71¢ " 7% 529 "V
For t=0,5,10 and «©

T(0) = 100 °F

T(5) = 134.975 °F

T(10) = 155.856 °F

T(o0) = 200 °F

3
(4)



Q — 10.1. A pneumatic PI controller has an output pressure of 10 psi,
when the set point and pen point are together. The set point and pen point are suddenly
changed by 0.5 in (i.e. a step change in error is introduced) and the following data are

obtained.

Time,sec Psig
0 10
0" 8
20 7

60 5

90 3.5

Determine the actual gain (psig per inch displacement) and the integral time.
Soln:

e(s) =-0.5/s

for a PI controller

Y(s)le(s) =K (1+1/s)

Y(s) =-0.5K¢ ( 1/s +17/s%)
Y(t)=-0.5K. (1+1't)
Att=0"y(t)=8=> Y(t)=8-10=-2
2=0.5K,

K.-4 psig/in

Att=20y(t) =7=> Y(t)=7-10=-3
3=2(1+1"20)

71 =40 sec

Q-10.2. a unit-step change in error is introduced into a PID controller. If Kc =10, 1y =1
and tp = 0.5. plot the response of the controller P(t)

Soln:

P(s)/e(s) =Kc (1 +1p s+ 1/118)

For a step change in error



P(s)=(10/s)(1 +0.5s+ 1/s)
P(s)=10/s + 5 + 10/s*
P(t)=10+58(t) + 10 t

A

10(1+t)
P(t)

R
10 prmmmmofrmmmm e

v

Q —10.3. An ideal PD controller has the transfer function
Ple=Kc(tmps+1)
An actual PD controller has the transfer function
Ple=Kc(ms+ 1)/ ((w/PB)s+1)

Where B is a large constant in an industrial controller

If a unit-step change in error is introduced into a controller having the second
transfer function, show that

P(t) = Kc (1 + A exp(-pt/ 1))

Where A is a function of  which you are to determine. For f = 5 and K¢ =0.5,
plot P(t) Vs t/ tp. As show that B =» oo, show that the unit step response approaches that
for the ideal controller.

Soln:

Ple=Kc(tmps+ 1)/ ((tp/B)s+1)
For a step change, e(s) = 1/s
P(s)=Kcs(ts+ 1)/ ((w/P)s+1)



K |—+
Ky TpsS
1+ =
B
T, 1- 1 ’
P() = K |1+ (T /ﬂ)e‘%
B
= K, 1+(ﬂ—1)e%1’}
So,A=p-1

P(t)=0.5 (1 +4 exp(-5t/ tp))

A

2.5

P(t)

0.5

As B =» oo then tp/p =» 0 and
Ple=Kc(tps+1)/((tp/B)s+ 1) becomes
P/e = Kc (1p s + 1) that of ideal PD controller

Q — 10.4. a PID controller is at steady state with an output pressure of a psig. The set

point and pen point are initially together. At time t=0, the set point is moved away from



the pen point at a rate of 0.5 in/min. the motion of the set point is in the direction of lower
readings. If the knob settings are

Kc= 2 psig/in of pen travel

7= 1.25 min

7p = 0.4 min

plot output pressure Vs time

Soln:
Given de/dt = -0.5 in/min
se(s)=-0.5

Y(s)e(s)=Kc (1+1pst+ 1/18)

Y(s) = 1/s+ 1/ 1s* +1p)
Y(t)=-(1+t/1.25+0.45(t))
Yt)=y({t)—9=-(1+t/1.25+0.45(t))
y(t)=8—-0.8t—0.4 3(t)

v

Q — 10.5. The input (e) to a PI controller is shown in the fig. Plot the output of the

controller if K¢ =2 and t; = 0.5 min



0.5

-0.5

t, min

e(t) = 0.5 (u(t) - u(t-1) - u(t-2) + u(t-3) )
e(s)=(0.5/s) (1—¢* -e™+¢e™)
P(s)e(s)=Kc (1+(1/18))= 2(1+2/s)
P(s)=(ls+2/>) (1 —e®-e*+e™)

Pt)y =1+2t 0<t<l1
= 1<t<2
=5-2t 2<t<3
= 3<t<w

Q — 12.1. Determine the transfer function Y(s)/X(s) for the block diagrams shown.

Wxpress the results in terms of Ga, Gb and Gc

f o B W

Gars Ghis Gofs
x > 5] (=] ) Y ) oz v
1 1 i 1
Transfer Fon2 Transfer Fen Transfer Fend




Soln.
(a) Balances at each node
(1) =GaX
2)=(1)-Y=GaX-Y
(3) =Gb(2) = Gb(GaX - Y)
4 =03)+X=Gb(GaX-Y)+X
Y = Ge(4) = Ge (Gb(GaX - Y) + X)
= GaGbGceX — GbGeY + GeX

Y _ Ge(GaGb +1)
X 1+ GbGe

(b) Balances at each node
H=X-(4)
(2) =Gb(1) = Gb( X - (4))
(5) = GeX/Ga
(3) = Ge(2) = GbGe( X —(4))
@H=03)*+) 5
= GbGe( X - (4)) + GeX/Ga
Y = Ga(4)

From the fifth equation
(4) = GbGcX — GbGe(4) + GeX/Ga ----------- 6

_ (GaGbGc +Ge) X
(1+ GbGce)Ga

4

From the sixth equation

Y _(GaGb+1)Ge
X (1+ GbGo)

Q-122
Find the transfer function y(s)/X(s) of the system shown



)} 4 @ i) [ sam

" ) b O » i . >
4,?_> A
o ] 8
Bats)
Soln:
Balance at each node
hHh=X-y e (a)
=+ e (b)
3) =G1(2) whereGl =1/(tis+1) === (¢)
(4) Y =G2(3) where G2=0.5/(118/2 + 1) = -==--—---- (d)
From (d) and (c)
Y =(2)G1G2
=GlIG2X-Y+3) e (e)
Also from (b) and (c)

(3)=GL()+?3))

BG)1-1(us+1)=1/(us+1)

B)us=1

B)=1(t1s)=X-=-Y)/(115)
Substitute this in (e)

0.5 1
Y = 1+—|(X-Y)
(Tls—i—l)(z-l% +1){ Tls}

r__t.
X rlsP+2rs+1

Q — 12.3. For the control system shown determine the transfer function C(s)/R(s)



i 0

M g 9 &10s) ) . F2()

Soln.

Balances at each node
(I)=R-C s (a)
@) =2(1)=2R-C) e (b)
B=Q0)-BH=2R-0O)-(4) (c)
@ =0@)s=Q2R-C)—-A)s (d)
3=@4-C (e)
C=2(5 (

\

Solving for (4) using (d)
s(@)=2R-0O-4)
4 =2(R-C)/(s+1)
Using (e)
6)=2R-C)/(s+])-C

sz[ﬁ(ze—c)—c}

4R =C((s +1)+4+2(s +1))
cC 4

R :3s+7

Q — 12.4. Derive the transfer function Y/X for the control system shown



i ] #

Soln.

Balance at each node

=@ +X e (a)
@=)-(4) e (b)
B=@fs e (©)
Y=@B)s e (d)
(9=20Q) e ©)
4)=25Y e )
From (b)

@=0-Q2)

=) -s3) from (c)

=(1)-s*Y from (d)

=(5)+X-s*Y from (a)
=23)+X-s*Y from (¢)
=2sY+X-sY

From (f)
Y=Q2sY+X-s*Y)25
X=Y(25-2s+5%)
Y 1

X :s2—2s+25



13.1 The set point of the control system in fig P13.1 given a step change
of 0.1 unit. Determine

(a) The maximum value of C and the time at which it occurs.

(b) the offset

(c) the period of oscillation.

Draw a sketch of C(t) as a function of time.

5
E: (s+D(2s+1)
Rojeg— 2>
(s+1)(2s+1)

b) C(x)= Lt L = % =0.0889
55025 +35+9 9

offset = 0.0111

c) KZ%;TZQQ&':l:msz
9 3 3 22



overshoot = exp[— 7 Jz 0.305

\/1—52
= Maximum vslue of C = 1.0305*0.0889=0.116

Maximum value of C = 0.116

J1-¢2

et
0.116=% 1- ! e Tsin{ 1—§2£+tan‘l(
T

Time at which Cp.occurs = 1.6

2rt

(c) Period of ociullation is 7 = =3.166
1-¢&°
T=3.166
Decay ratio = (overshoot)” = 0.093
|
C\ ST /[_é Tz )
i" o
/
/
//
/
_ M. 7.,‘-7,»_ — — -

1-¢&2
4



13.2 The control system shown in fig P 13.2 contains three-mode controller.
(a) For the closed loop, develop formulas for the natural period of oscillation
7 and the damping factor £in terms of the parameters K, r,,7,and 7,.
(b) Calculate & when K is 0.5 and when K is 2.

(c)Do & & 7 approach limiting values as K increases, and if so, what are
these values?

(d ) Determine the offset for a unitstep change in load if K is 2.

(e) Sktech the response curve (C vs t) for a unit-step change IN LOAD
WHEN Kk is 0.5 and when K is 2.

(f) In both cases of part (e) determine the max value of C and the time at
which it occurs.

B/ Mk oy =

a) — =
1+ (1+rDs+j
7,8+ 7,8
1
g_ (r1s+1)
U 1
1+ k1+7,s+—
7,5 +1 7,8
oS
k

7,7, ), (k41
T, T, + s+ 7,5 +1
[”’ k j ( k j
1
k(l+z’Ds+j
7,8

r1s+1+k(1+rDs+lj

7,8




C k(z'Dr,s2 +z‘,s+1)

R (kr,p+7,7,)s  +(k+D)r,s +k

2 7,(kt, +T[);21.§ _ (k+Drz,
k k

t,(kt, +7,) £ (k+ 1Dz,

=2X
k k

x|k +T)

_ T 2w _ k

J1-¢& \/4k(kz-D +7)-(k+1)’z,

2\ k(kt, +1))

Ar(kt, +1))

(e




As ko=~ [T 03535
2\ 7,

. Ar(kt, +1))

(e

. kt,t, +1,1,

C 7,8

U (k+1)r,s+(z, +kt,)e s’ +k

v=1
s

(k+Dz,s+(z, +kr,)r,s* +k

0
Liy(s)=-=0



K=2

For a unit step change in U

C(0)=0
Offset = 0

(e) k= 0.5, £=0.671 & r=2.236

7=—27% _18.95
- &2
Ifk =05
C 2s Ky

U 557 +3s+1 552 +3s+1

Ifk =2
C 0.5s . 0.5
U 2s>+15s+1° 257 +1.55 +1

1 1 2 -t
In general C(¢) =— e "siny1-&° —
T 1= &7 T
1_ 2
The maximum occurs at ¢ =——— tan"' s
1-&2 4

If k = 0.5 tmax= 2.52 Cpax=0.42
If k =2 tmax= 1.69 Cpnax=0.19



13.3 The location of a load change in a control loop may affect the system
response. In the block diagram shown in fig P 13.3, a unit step chsange
in load enters at either location 1 and location 2.

(a) What is the frequency of the transient response when the load enters at
location Z.?

(b) What is the offset when the load enters at 1 & when it enters at 2?

(c) Sketch the transient response to a step change in U; and to a step

change in U,.

¢ 0 (J = o = YR T

GO )[ﬁJ( 2s1+ J =C



C (@s+l)? 2

U, 2 4 +dstll
x 2
2s+1)" +1

C 2

U~ 45> +4s+11

N =
[\
B
N
N |-

Frequency = f =

C(e0) = 2/11
Offset = 2/11 =0.182

U1:O;U2:1/S

:>(5>< 2 (R—C)+U2j[;j:C
25 +1 2s+1

=0



1

¢ _ 2s+1

U, 10 X ! +1
2s+1 2s+1

C 2s+1

U, 45 +4s+11

C(x) = 1/11

Offset = 1/11=0.091
a) if U, =%;frequency= 0.2516
if U, =§; frequency = 0.2516

b)if U, =l;frequency = 0.182
N

if U, =l;frequency = 0.091
s

C ()

0182 N




13.5A PD controller is used in a control system having first order process and a
measurement lag as shown in Fig P13.5.
(a) Find the expressions for & and 1 for the closed —loop response.
(b) If 1y = 1 min, t, = 10 sec, find K¢ so that &= 0.7 for the two cases: (1)
tp =0,(2) tp =3 sec,
(c) Compare the offset and period realized for both cases, and comment on the

advantage of adding derivative mode.

K.(+7,s)
a) C _ (r,s+1)
R 1+ K.(+7,s)

(r;s+1)(z, s+1)




C K.(A+7,5)1+7,5)

R r7, s  +(r, +7, +K.1,)s+ (K. +1)

T, +7, +koT)

1
5_5,/mm(kc+1)

b) 7, =1min; 7, =10s;& =0.7

7,=0
1) 1 70
=07 =—x——-—oo-
2 \J600(k. +1)
k=3.167
T, =3s
2) 7oL, T0+3ke
2 \J600(k. +1)
k. =5.255

kC
ko +1

c)ffor R= l;c(oo) =
s



Fort, =0;C(x)=0.76;0ffset = 0.24
Jort, =35;C(0) =0.84;0ffset =0.16

600
27X,
Jor t, =0; period = 4167 _ 105.57 = period
1-¢&2
o 600
for t,, =3s; period = 6.255 _ 86.17s = period
1-( 0.7)°

Comments:
Advantage of adding derivative mode is lesser offset lesser period

13.6The thermal system shown in fig P 13.6 is controlled by PD controller.
Data; w = 250 Ib/min; p = 62.5 Ib/ft’;

Vi = 4 £ ,Vy=5 ft'; V=61,

C=1 Bw/(Ib)(°F)

Change of 1 psi from the controller changes the flow rate of heat of by 500
Btu/min. the temperature of the inlet stream may vary. There is no lagin the
measuring element.

(a) Draw a block diagram of the control system with the appropriate transfer
function in each block.Each transfer function should contain a numerical values of
the parameters.

(b) From the block diagram, determine the overall transfer function relating the
temperature in tank 3 to a change in set point.

(c) Find the offset for a unit steo change in inlet temperature if the controller
gain K¢ is 3psi/°F of temperature error and the derivative time is 0.5 min.



WI,C+q = pCV,(T, - T,)+WT,C
WT,C= pCV,(T, —T,)+WI,C
WT,C= pCV(T,-T,) +WT,C
T,(WC+pCV))+q=T,(W C+ pCV))

q
wC+ pCV,

T, =T, +
T1= T2 = T3

T,=Ty+— 1 = 1()="d® __
WC+ pCV, (WC+,0CV)

==
£ f_ggc-———sl’k Ew%* ’{

/s(', 1 2% gy,rrl"‘;)'\' 5 fj
Cee At ta ad g = :
2 fos sy 6500 <q4Cc,
13.6 (b)
, ko(1+17,5) 2

Ti(s) (s+1)(1.25s +1)(1.55s +1)
RE) k(47,5 2

(s +1)(1.255 + 1)(1.55 +1)
_T(s) _ 2k (1+17,5)

R(s)  (s+1)(1.875s% +2.75s + 1)+ 2k (1 +7,,5)

T,(s) _ 2k (147,9)
R(s) 1.875s° +4.6255> +(3.75+ 2k ,)s + 2k, +1




¢) kc=3;7, = 0.5,0ffset=2,7,(s) = 1
s

L(s) ,, I
T, (s)s~01.875s> +4.625s> +(3.75+ 2kt ,)s + 2k, +1

Offset =0.143

13.7 (a) For the control system shown in fig P 13.7, obtain the closed loop
transfer function C/U.
(b) Find the value of K¢ for whgich thre closed loop response has a & of
2.3.
(c) find the offset for a unit-step change in U if Kc=4.

S 4

(KC xS—H(R—C)+Ujl: C
0.25s+1 K

1

S
1+&S7+1
s 025s+1




0.25s+1
0.25s° +s+ K (s+1)

¢
U

s+4
s+ 4K, +1)s+4K,.

¢
U

b) £=2.3

N N I

_Ko+1

K.

Kc=2.952

23

C) K=4,U=1/s

1 s+4
s s +20s+16

1

C(0)=—

(0) 1
offset = 0.25.

13.8 For control system shown in Fig 13.8
(a) Cs)/R(s)
(b) C()
(c) Offset
(d) C(0.5)
(e) Whether the closed loop response is oscillatory.



C__s(s+])
R 1+ 4
s(s+1)

(a)

.4
R s +s+4

b) C(w) =2%1=2

C(o0) =2
C) offset = 0
1 1 1
d) r==—2%r=—=¢=—
) * 2 4 4 d 4

30 =1- ! e 2sin ££than"I\/IS
2 1) 4 7
4

= C(0.5)=2{1—

1

et sin{@ +tan”’ \/Eﬂ

4
V15
C(0.5)=0.786

.) &E<I, the response is oscillatory.

13.9 For the control system shown in fig P13.9,determine an expression for
C)



if a unit step change occurs in R. Sketch the response C(t) and compute
CQ2).

1
£_ 1+;
R 1+(1+1j
s
g s+1
R 2s+1
r=1
s
s+l _l -1
s2s+1) s 2s+1
1 _t
Cty=1—-—e ?
() 5
C(2) = 0.816

13.10 Compare the responses to a unit-step change in a set point for the
system shown in fig P13.10 for both negative feedback and positive feedback.Do
this for K¢ of 0.5 and 1.0. compare the responses by sketching C(t).



{
SR

-ve feed back:

_ KC
s(s+ (K, +1))

+ve feed back

T s(s+(1-K,)

For K¢ = 0.5, response of -ve feed back is

1 _2
s(2s+3) s 2s+3

3t 3t

115 1 -
Ct)y=———=e ?=—(1-¢?
() 3 3 3¢ )

response of +v feed back is



1 1 =2

- s(2s+1) :s 25 +1

C(t)=1-e 2

For K¢ = 1, response of -ve feed back is

- s(s+2) - s s+2

L1
C(t)y=———e
=2-7

response of +ve feed back is

C=—
§2

C(t)=t

14.1 Write the characteristics equation and construct Routh array for
the control system shown. it is stable for (1) Kc=9.5,(ii) KC =11; (iii) Kc=
12

~ 3 —_

Characteristics equation



6Kc
I+ =0
(s+D(s+2)(s+3)
or (s+1)(s+2)(s+3)+6Kc=0
(s> +6s+11s+(6+6Kc)=0
s +6s> +11s+(6+6Kc)=0

Routh array

s 1 11
s° 6  (6+6Kc)
s 6(1+ Kc)

For Kc=9.5
= 10-(Kc)= 10-9.5=0.5>0 therefore stable.
For Kc=11

= 10-(Kc)= 10-11=-1<0 therefore unstable
For Kc=121

= 10-(Kc)= 10-12=--2<0 therefore unstable

14.2 By means of the routh test, determine the stability of the system shown
when K¢ =2.

Characteristic equation

1+2(1+EJ2(2LJ =0
S 25 +4s+10



(25% +4s+10)s +2(s +3).2.10=0
25 +4s* +10s +40s +120 =0
25 +45* +505+120=0

2 +257+255+60=0

Routh Array
1 25
2 60
-10/2

The system is unstable at K¢ = 2.
14.4 Prove that if one or more of the co-efficient (ag,a;,....a,) of the

characteristic equation are negative or zero, then there is necessarily an
unstable root

Characteristic equation :

X" +aX" " s +a,=0
ay(x" +a, lagx"™ + e, a,/a,)=0
Ay(X =) (X =0y ) e (x-a,)=0
We have o, 0, .....cccouecuevennnnnnc. a,<0

As we know the second co-efficient aj;/ag 1s sum of all the roots

ﬂ:(—l){i Zn:ala/}/Z
a, ’

i=l =1

Therefore sum of all possible products of two roots will happen twice as
a,a, dividing the total by 2.

aa,>0(a, <0 a;<0)
And

na,la;>0=a, >0

Similarly



a, ,
—L = (=1) ( sum of aoll possible products of j roots)

a

if j=even(=1) is 1and the sum is >0 so a,/a,>0

. a .
if j=odd (-1) is (1) and the sumis <0 so — is again >0
a,

in both case a;/a, >0

so a; > 0(for j=l,......n)

14.5 Prove that the converse statement of the problem 14.4 that an
unstable root implies that one or more co-efficient will be negative or
zero is untrue for all co-efficient ,n>2.

Let the converse be true, always .Never if we give a counter example we
can contradict.
Routh array

s 45> +25+3
7102
s 13
s =10

0
S

System is unstable even when all the coefficient are greater than 0; hence a
contradiction,

14.6 Deduce an expression for Routh criterion that will detect the
Presence of roots with real parts greater than o for any rectified o >0

Characteristic equation

Routh criteria determines if for any root, real part > O.

Now if we replace x by X such that



X+ o=X
Characteristic equation becomes

ay(X —0)" +a,(X =0)"" + oo +a, =0

Hence if we apply Routh criteria,
We will actually be looking for roots with real part >o rather than >0

n n-1 n-2 _
ayx" +ax" Fay X" +a,=0

Routh criterion detects if any root «;is greater than zero.

Is there any x = a,a,,cccuuun..e. N2 S o,>0————— )

Now we want to detect any root
aj>—o

aj>0

From(1)



implies is there any

x=a,>0
x=a,>0
x=a;>0
x=a,>0

add o on both sides
is there any
x+o=a,+0>0

x+to=a,+0>0

.x+0'=aj+0'>0

x+o=a,+0c>0

so,Let X =x+0
and apply Routh criteria to detect any a; + o >0

ora;>-o
14.7 Show that any complex no S; satisfying |S| <1, yields a value of

Z = 1+—Sthat satisfies Re(Z)>0,

1-5

Let S=x+iy, +/x°+y° <1






(1+x)+iy (1-x)+iy

(1-x)—iy (1-x)+iy

(I-x*+(I=x+1-x)iy—y°)
1+x> = 2x+y°

1—(x2 +y2)+2iy

_1—2x+(x2 +3%)

Re(Z) = 1-(x* +y%)

1-2x+ (x> +y°)
if Re(z)>0 then1—(x*+y*)>0 and

1-2x+(x*+y%)>0

we havex* +y*> <1

xP+yr <l

Ranges are —1<x<1

—1<y<1 Points in the unit circle
1—(x* +y*)>0 is true therefore x* +y* <1

Now
1+(x* +y°)—2x

if x=—-1& y=0 thenitis4
if x=1& y=0thenitis 0

0<(1+(x*+y*)-2x)<4
Re(z) > 0

example:

if s =(0.5+10.5)the system isunstable due to the real part

“asvos,
s —(0.5+10.5)



L' | e (Cos 0.5t + Sin0.5t)
5—(0.5+0.5)

14.8 For the output C to be stable, we analyze the characteristic
equation of the system

+L ! (7,5 +1)=0
7,8 (r,;5 + 1) (7,5 +1)

7,5(r,8° T, + 1,5+ 1,8 + 1) + 7,5 +1=0

T1T1T2S3 +17,(7, +z'2)s2 +(7, +7;,)s+1=0

Routh Array

s T,7T,7, T, +1,
s T,(r,+7,) 1

s a 0

s° 1

7, (7, +7,)(7, +73)—7,7,7,
7,(7,+7,)

Now
1 z,7,7, >0

Since 7, &7, are processtime constant they are definitely +ve
7,>0;7,>0

(2) 7, (7, +7,)>0

3B) a>0=r1,(r, +1,)(r, +17,)>1,7,7,



0,7, +10,7, + 1,0, + 7,0, — 1,7, >0

7,(7,+7,) > 17, —7,(7, +7,)

7,

T, > — 7,

T, +7,

also 7, >0

14.9 In the control system shown in fig find the value of Kc for which
the system is on the verge of the instability. The controller is replaced by a
PD controller, for which the transfer function is Kc¢(1+s). if K¢ =10,
determine the range for which the system is stable.

- (=] Al e L—?\O 14
Characteristics equation

6Kc
I+ =0
(s+D(s+2)(s+3)

or (s+1)(s+2)(s+3)+6Kc=0
(s> +3s+2)(s+3)+6Kc=0
465> +11s+(6+6Kc)=0

Routh array

s 13
s? 3 1+Kc

1+ Kc
K 3—[ 3 )j




For verge of instability 3= (1 +3Kc))

Kec =8

Characteristics equation

L, 100+ kes) _ o
(s+1)3

s° +35° +5(3+10Kes)+11=0
Routh Array

s 3+107,

s 3 11

s

33+107,) > 11 for vege
3075 >2

7, >2/30

14.10 (a) Write the characteristics equation for the central system shown
(b) Use the routh criteria to determine if the system is stable for Kc=4

@ Determkige the ultimate value of Kc¢ for which the system is unstable
ey - T

(a) characteristics equation



1+kc(s+2j( 1 j 1 0
3 N2s=1)(s+1)

(s> +5)2s + )+ ke(s +2) =0

25> +3s° +(1+kc)s +2kc =0
s +35° +3s+(1+ke)=0
Kc=4Routh array

2 5
s23 8
s —1/3

not stable
3(1+kc)—4dke

3
3—-Kc=0;Kc=3

0

For verge of instability

14.11  for the control shown, the characteristics equation is

s 4457 + 657 +4s+(1+k)=0

(a) determine value of k above which the system is unstable.

(b) Determine the value of k for which the two of the roots are on
the imaginary axis, and determine the values of these imaginary roots and
remaining roots are real.

s 4457 + 657 +4s+(1+k)=0



st 1 6(1+k)

s 4 4

s> 5 1+k

s 4—fa+m
5

1 1+%

For the system to be unstable

()

1+k
5

1<

k>4
I+k<0
k<-1
k>-1

The system is stable at -1<k<4
(b) For two imaginary roots
4:i(1+k);k:4

5
Value of complex roots

552 +5=0
s ==

s2+1 s*+4s +6s* +45+5 sP+4s+5



st+0+5°

4s® +5s°

45 +0+4s
5s* +5
55* +5

SOLUTION:

—4+416-20 —-4=x2i

5= = =2+
2 2

PART 2

LIST OF USEFUL BOOKS FOR PROCESS
CONTROL

1. PROCESS CONTROL BY R.P VYAS, CENTRAL TECHNO
PUBLICATIONS, INDIA ( WIDE VARIETY OF SOLVED PROBLEMS ARE
AVAILABLE IN THIS BOOK)

2. ADVANCED CONTROL ENGINEERING BY RONALD.S .BURNS ,
BUTTERWORTH AND HIENEMANN.

3. PROCESS MODELLING SIMULATION AND CONTROL FOR
CHEMICAL ENGINEERS, WILLIAM.L.LUYBEN, MCGRAW HILL.

4. AMATHEMATICAL INTRODUCTION TO CONTROL THEORY BY
SCHOLOMO ENGELBERG, IMPERIAL COLLEGE PRESS



LIST OF USEFUL WEBSITES

www.msubbu.com FOR BLOCK DIAGRAM REDUCTION AND
OTHER CHEMICAL ENGG. LEARNING RESOURCES

Readings,Recitations,Assignments,Exams,StudyMateri
als,Discussion Group,Video Lectures
now study whatever u want with respect to chemical

engg.

http://ocw.mit.edu/OcwWeb/index.htm
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